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Communicated by David A. HillsAbstract
This study veriﬁes chaotic motion of an automotive wiper system, which consists of two blades driven by a DC motor
via the two connected four-bar linkages and then elucidates a system for chaotic control. A bifurcation diagram reveals
complex nonlinear behaviors over a range of parameter values. Next, the largest Lyapunov exponent is estimated to iden-
tify periodic and chaotic motions. Finally, a method for controlling a chaotic automotive wiper system will be proposed.
The method involves applying another external input, called a dither signal, to the system. Some simulation results are
presented to demonstrate the feasibility of the proposed method.
 2006 Elsevier Ltd. All rights reserved.
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Numerous vibrations that may be harmful to the driver can be observed when a wiper, driven by an auto-
motive windshield wiper system, is operational. These vibrations reduce the comfort of driving. The dynamic
behaviors of the wiper system are studied to ﬁnd an eﬀective way to controlling vibrations. Various works have
been carried out to investigate the chatter vibrations in an automotive wiper system (Codfert et al., 1997; Oya
et al., 1994; Suzuki and Yasuda, 1995, 1998). Various numerical analyses including a bifurcation diagram,
phase portraits, a Poincare map, frequency spectra and Lyapunov exponents are utilized to explicate periodic
and chaotic motions. For a broad range of parameters, the Lyapunov exponent provides the most eﬀective
method for measuring the sensitivity of the dynamical system to its initial conditions. It can be used to deter-
mine whether the system is in chaotic motion. The algorithms for computing Lyapunov exponents of smooth0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.02.020
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1980a,b). Nevertheless, some non-smooth dynamical systems have discontinuities to which this algorithm is not
directly applicable, such as those associated with the dry friction, backlash or impact. Several studies have
developed methods for calculating the Lyapunov exponents of non-smooth dynamical systems (Muller,
1995; Hinrichs et al., 1997; Stefanski, 2000). The method proposed by Stefanski (2000) for estimating the largest
Lyapunov exponent of wiper system is adopted in this study.
Although chaotic behavior may be acceptable, it is usually undesirable since it degrades performance and
restricts the operating range of various electrical and mechanic devices. Recently, the control of chaotic stick–
slip mechanical system has advanced signiﬁcantly and several techniques have been developed (Galvanetto,
2001; Dupont, 1991; Feeny and Moon, 2000). Galvanetto (2001) applied to the adaptive control to control
unstable periodic orbits embedded in chaotic attractors of some discontinuous mechanical systems. Feeny
and Moon (2000) used high-frequency excitation, or dither, to quench stick–slip chaos. Dither is an external
signal, so its application does not require any kind of measurement. Accordingly, the main advantage of the
application of dither is its simplicity. This technique is also extensively used in several real nonlinear systems
(Feeny and Moon, 2000; Tung and Chen, 1993; Fuh and Tung, 1997; Liaw and Tung, 1998). Tung and Chen
(1993) presented an approach for identifying for a closed-loop DC motor system with unknown parameters
and nonlinearities. The nature of the dither signal that eliminates possible limit cycles in the system was also
investigated. Fuh and Tung (1997) used dither signals to convert a chaotic motion to a periodic orbit in circuit
systems. Liaw and Tung (1998) employed the dither smoothing technique to control a noisy chaotic system.
A chaotic motion must be transformed to a periodic orbit in a steady state to improve the wiper system’s
performance and eliminate chatter vibration in an automotive wiper. This study demonstrates that chaos can
be controlled by injecting another external input, called a dither signal, into the system. The injection of dither
signals to improve the performance of nonlinear elements is eﬃcient. Simulations veriﬁed the eﬃciency and the
feasibility of the proposed method.
2. Model description
A windshield wiper system consists of three major subsystems (i) blades and their arms; (ii) a linkage mech-
anism and (iii) an electric motor. A front wiper system has two blades. They are attached to the windshield on
the driver’s side and the passenger’s side. Each blade is supported by an arm, which moves to and fro around
the pivot. The DC motor supplies power to rotate the two connected four-bar linkages which, in turn, generate
the desired motion of wiper arms and blades. Fig. 1 schematically depicts an automotive wiper system. In this
ﬁgure, the symbols with subscripts D and P are referred to as the driver’s and passenger’s side, respectively.
The lines denoted Li represent the positions which the wiper arms take when no deﬂections occur. The terms hi
(i = D,P) represent the angular deﬂections with respect to position Li, and _wi are the angular velocities of the
arms. The terms li represent the length of the wiper arm between the pivot center and the top and _zi represent
the absolute velocities of the blades. Then,_zi ¼ ð _hi þ _wiÞli ði ¼ D; P Þ. ð1Þ
According to Newton’s second law, the governing equations for a wiper on the side of i’s (i = D,P) can be
expressed as follows (Suzuki and Yasuda, 1998):
When _zi 6¼ 0, slip,I i€hi ¼ Ri  Di Mið_ziÞ.
When _zi ¼ 0; jRijP Nilil0, stick to slip transition,I i€hi ¼ Ri  Di.
When _zi ¼ 0; jRij < Nilil0, stick,I i€hi ¼ 0 ð _hi ¼  _wiÞ; ð2Þ
where the terms Ii represent the moments of inertia and Mi are the moments induced by the friction force be-
tween the wiper blades and the windshield. Ri and Di are the moments produced by the restoring force and the
damping force, respectively, as follows
Fig. 1. Schematic diagram of automotive windshield wiper system.
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DD ¼ cD _hD  cDP _hP ; DP ¼ cP _hP  cPD _hD; ð4Þwhere,kD ¼ KDðKP þ KMÞ=ðKD þ KP þ KMÞ; kDP ¼ kPD ¼ KDKP=ðKD þ KP þ KMÞ;
kP ¼ KP ðKD þ KMÞ=ðKD þ KP þ KMÞ; cD ¼ CDP ; cP ¼ CDP þ CP ;
cDP ¼ cPD ¼ CDP :The moments Mi can be expressed asMið_ziÞ ¼ Nililð_ziÞ; ð5Þ
where Ni is the normal force. According to the experimental data (Suzuki and Yasuda, 1995), wiper friction
can be approximated reasonably well by the combination of coulomb friction and viscous friction. Accord-
ingly, the coeﬃcient of wiper friction, l, is given aslð_ziÞ ¼ l0sgnð_ziÞ þ l1 _zi þ l2 _z3i ði ¼ D; P Þ; ð6Þ
which approximates the experimental results.
Let x1 ¼ hD; x2 ¼ _hD; x3 ¼ hP and x4 ¼ _hP be the state variables the state equations of the wiper system (Eq.
(2)) on the driver’s side are as follows:
When _zD 6¼ 0,
_x1 ¼ x2;
_x2 ¼ ðRD  DD MDð_zDÞÞ=ID:When _zD ¼ 0; jRDjP NDlDl0,
_x1 ¼ x2;
_x2 ¼ ðRD  DDÞ=ID:When _zD ¼ 0; jRDj < NDlDl0,
x2 ¼  _wD;
_x1 ¼ x2;
_x2 ¼ 0:
ð7aÞ
Table 1
Parameter values of the wiper system
System parameter Value Unit
ID 4.07 · 102 kg m2
IP 3.67 · 102 kg m2
KD 7.20 · 102 N m/rad
KP 7.51 · 102 N m/rad
KM 3.53 · 102 N m/rad
CDP 1.00 · 102 N m s/rad
CP 1.00 · 102 N m s/rad
lP 4.50 · 101 m
lD 4.70 · 101 m
_wP 1:16 _wD rad/s
ND 7.35 N
NP 5.98 N
l0 1.18
l1 9.84 · 102
l2 4.74 · 101
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When _zP 6¼ 0,_x3 ¼ x4;
_x4 ¼ ðRP  DP MP ð_zP ÞÞ=IP :When _zP ¼ 0; jRP jP NPlPl0,
_x3 ¼ x4;
_x4 ¼ ðRP  DP Þ=IP :When _zP ¼ 0; jRP j < NPlPl0,
x4 ¼  _wP ;
_x3 ¼ x4;
_x4 ¼ 0:
ð7bÞTable 1 lists the values of the parameters in the above equations.
3. Characteristics of the system: numerical simulation results
A series of numerical simulations using Eqs. (7) are performed to elucidate clearly the characteristics of the
system. Fig. 2 shows the resulting bifurcation diagram. The bifurcation diagram more completely explicates
the dynamic behavior over a range of parameter values. The method is widely employed to describe the tran-
sition of a dynamical system from periodic motion to chaotic motion. This ﬁgure clearly shows that the
chaotic motions appear approximately in regions II and IV. Period-three motion appears in region III and
period-n orbits exist in region I. Chang and Lin (2004) presented the phase portrait, the Poincare map, and
the frequency spectrum which exhibit these behaviors in detail.
Notably, an indicator such as the largest Lyapunov exponent is one of the most useful diagnostics of a cha-
otic system. For every dynamic system, a spectrum of Lyapunov exponents (k) tells how the length, the area
and the volumes change in phase space. The existence of chaos can be established merely by calculating the
largest Lyapunov exponent, to determine whether nearby trajectories diverge (k > 0) or converge (k < 0) on
average. Any bounded motion in a system that contains at least one positive Lyapunov exponent is deﬁned
as chaotic, while non-positive Lyapunov exponents indicate periodic motion.
In this study the chaotic nature of an automotive wiper system is demonstrated by computing the largest
Lyapunov exponent. Any system with at least one positive Lyapunov exponent is deﬁned as chaotic. Lyapunov
Fig. 2. Bifurcation diagram with respect to _wD.
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computing the Lyapunov spectrum of ‘‘smooth’’ dynamic systems are well established (Wolf et al., 1985;
Benettin et al., 1980a,b). However, ‘‘non-smooth’’ dynamical systems with discontinuities such as the dry
friction, backlash or stick–slip prevent the direct application of this algorithm. Recently, Stefanski (2000)
suggested a simple and eﬀective method to estimate the largest Lyapunov exponent, which uses the character-
istics of synchronization. This method can be explained brieﬂy: the dynamical system is decomposed into the
following two subsystems
drive system_x ¼ f ðxÞ; ð8Þ
response system
_y ¼ f ðyÞ. ð9Þ
Consider a dynamical system, which is composed of two identical n-dimensional subsystems; only the
response system (8) is combined with a coupling coeﬃcient d, while the driving equation remains the same.
The ﬁrst-order diﬀerential equations that describe such a system can be written as_x ¼ f ðxÞ;
_y ¼ f ðyÞ þ dðx yÞ: ð10ÞNow the condition for synchronization (Eq. (10)) is given by the inequalityd > kmax. ð11Þ
In the synchronization, ds, the smallest value of the coupling coeﬃcient d, is assumed to equal the largest
Lyapunov exponentds ¼ kmax. ð12Þ
The systems (Eqs. (7)) are considered in Eq. (10) to obtain the augmented system in the following form:
When _zD 6¼ 0,_x1 ¼ x2;
_x2 ¼ ðRD  DD MDð_zDÞÞ=ID:
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_x1 ¼ x2;
_x2 ¼ ðRD  DDÞ=ID:When _zD ¼ 0; jRDj < NDlDl0,
x2 ¼  _wD;
_x1 ¼ x2;
_x2 ¼ 0:When _zP 6¼ 0,
_x3 ¼ x4;
_x4 ¼ ðRP  DP MP ð_zP ÞÞ=IP :When _zP ¼ 0; jRP jP NPlPl0,
_x3 ¼ x4;
_x4 ¼ ðRP  DP Þ=IP :When _zP ¼ 0; jRP j < NPlPl0,
x4 ¼  _wP ;
_x3 ¼ x4;
_x4 ¼ 0:When _~zD 6¼ 0,
_y1 ¼ y2 þ dðx1  y1Þ;
_y2 ¼ ðeRD  eDD  eMDð_~zDÞ þ dðx2  y2ÞÞ=ID:When _~zD ¼ 0; jeRDjP NDlDl0,
_y1 ¼ y2 þ dðx1  y1Þ;
_y2 ¼ ðeRD  eDD þ dðx2  y2ÞÞ=ID:Fig. 3. Evolution of the largest Lyapunov exponent.
Fig. 4. Bifurcation diagram of system with square-wave dither, where W denotes the amplitude of the dither.
Fig. 5. Equivalent nonlinearity n (solid line) described by Eq. (13). The original nonlinearity f (dashed line) is given by Eq. (6).
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y2 ¼  _wD;
_y1 ¼ y2 þ dðx1  y1Þ;
_y2 ¼ 0þ dðx1  y2Þ:When _~zP 6¼ 0,
_y3 ¼ y4 þ dðx3  y3Þ;
_y4 ¼ ðeRP  eDP  eMP ð_~zP Þ þ dðx4  y4ÞÞ=IP :When _~zP ¼ 0; jeRP jP NPlPl0,
_y3 ¼ y4 þ dðx3  y3Þ;
_y4 ¼ ðeRP  eDP þ dðx4  y4ÞÞ=IP :
Fig. 6. A square-wave dither signal is injected to control the chaotic motion of the windshield wiper system at _wD ¼ 0:3 rad=s. A dither
signal (W = 0.6 V) is added after 3 s: (a) time response of angular deﬂection and (b) controlled orbit.
Fig. 7. Bifurcation diagram of the system with a sinusoidal dither, where W denotes the amplitude of the dither.
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y4 ¼  _wP ;
_y3 ¼ y4 þ dðx3  y3Þ;
_y4 ¼ 0þ dðx4  y4Þ;
ð13ÞwhereeRD ¼ kDy1  kDP y3; eRP ¼ kP y3  kPDy1;eDD ¼ cDy2  cDP y4; eDP ¼ cP y4  cPDy2;
_~zD ¼ ðy1 þ _wDÞlD;
_~zP ¼ ðy3 þ _wP ÞlP ;
Fig. 8. Equivalent nonlinearity n (solid line) described by Eq. (15). Original nonlinearity f (dashed line), given by Eq. (6).
Fig. 9. Controlling chaotic motion and converting it to a desired period-one orbit for W = 1.2 V and _wD ¼ 0:3 rad=s. The dither signal is
injected after 4 s. (a) Phase portrait of desired period-one orbit; (b) time response of the angular deﬂection. The solid line represents the
corresponding period-one on controlled system (18); the dot line represents the chaotic trajectory of the uncontrolled system (7).
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lð_~ziÞ ¼ l0sgnð_~ziÞ þ l1 _~zi þ l2 _~z3i ði ¼ D; P Þ:
ð14ÞIn the next step, the largest value of the Lyapunov exponent of the system under consideration is deter-
mined for the chosen parameter values, in the manner described in above. Fig. 3 presents the results of the
numerical calculations which show the largest Lyapunov exponents that have been obtained using the
described synchronization method. The system exhibits the chaotic motion because of all the largest Lyapunov
exponents are positive for _wD < 0:425 rad=s and 0:445 rad=s < _wD < 0:585 rad=s.
4. Controlling chaos by injecting dither signals
The chaotic motion of a dynamic system must be converted to periodic motion. This section will demon-
strate that the injection of another external input, called a dither signal which only aﬀects the nonlinear terms,
Fig. 10. Chaotic motion for W = 0 and _wD ¼ 0:5 rad=s: (a) phase portrait; (b) Poincare map and (c) frequency spectrum.
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system the behaviors of any system with friction. In the control community, the dither signal is employed in
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to modify nonlinearity. Recently, dither smoothing techniques have been developed (Fuh and Tung, 1997;
Liaw and Tung, 1998) to stabilize the chaotic systems. Some popular dither signals follow (Cook, 1986).
(i) Square-wave dither: The simplest dither signal is a square-wave dither, whose frequency and amplitude
are, respectively, 2000 rad/s and W, respectively. Thus the non-linearity f(Æ) has the eﬀective value outputFig. 11
(a) Pha
periodn ¼ 1
2
½f ðy þ W Þ þ f ðy  W Þ. ð15ÞAccordingly the system equations can be written as_y ¼ n. ð16Þ
Consider the eﬀect of addition of square-wave dither control to the system equations, Eq. (7) for
_wD ¼ 0:3 rad=s. Increasing the amplitude of the square-wave dither signal from W = 0 to 0.95 V changes
the dynamics from chaotic behavior to periodic. The bifurcation diagram is shown in Fig. 4. Consider the
windshield wiper system with the coeﬃcient form of friction, l, which is original associates with nonlinearity
f, described in Eq. (6). Now, W = 0.6 V is chosen and the eﬀective nonlinearity n and original nonlinearity f
plotted in Fig. 5. Fig. 6(a) plots the time response of displacement, where the square-wave dither signal is
injected after 3 s. The chaotic behavior is converted into a period-one motion. Fig. 6(b) shows the phase por-
trait of the controlled system.
(ii) Sinusoidal dither: Another simple dither signal is a high-frequency sinusoid. In this case, the eﬀective
value of n is its average over a complete period of oscillation of the sinusoidal dither signal, namelyn ¼ 1
2p
Z 2p
0
f ðxþ W sin hÞdh. ð17ÞNow, a sinusoidal dither is added in front of the nonlinearity (6). The equivalent equations for the control
system are shown below.
Adding the sinusoidal dither signal to Eq. (7a) (the driver’s side) yields a coupled system as follows:
When _zD 6¼ 0,_x1 ¼ x2;
_x2 ¼ ðRD  DD  NDlDn1Þ=ID:. Converting chaotic motion to a desired period-one orbit forW = 1.0 V and _wD ¼ 0:5 rad=s. The dither signal is injected after 4 s.
se portrait of the desired period-one orbit; (b) time response of the angular deﬂection. The solid line represents the corresponding
-one controlled system (18); the dotted line represents chaotic trajectory of the uncontrolled system (7).
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_x2 ¼ ðRD  DDÞ=ID:g. 12. Period-seven orbit for W = 0 and _wD ¼ 1:068 rad=s: (a) phase portrait; (b) Poincare map and (c) frequency spectrum.
Fig. 13. Controlling period-seven orbit to a desired period-one orbit for W = 0.5 V and _wD ¼ 1:068 rad=s. The dither signal is injected
after 4 s. (a) Phase portrait of the desired period-one orbit; (b) time response of angular deﬂection. The solid line represents the
corresponding period-one controlled system (18); the dotted line represents the period-seven trajectory of the uncontrolled system (7).
7010 S.C. Chang, S.C. Chen / International Journal of Solids and Structures 43 (2006) 6998–7013When _zD ¼ 0; jRDj < NDlDl0,
x2 ¼  _wD;
_x1 ¼ x2;
_x2 ¼ 0;
ð18aÞwheren1 ¼ 1
2p
Z 2p
0
lð_zD þ W sin hÞdh ¼ 1
2p
Z 2p
0
½l0sgnð_zD þ W sin hÞ þ l1ð_zD þ W sin hÞ þ l1ð_zD þ W sin hÞ3dh.And, adding the same dither signal to Eq. (7b), the passenger’s side can be written as follows:
When _zP 6¼ 0,_x3 ¼ x4;
_x4 ¼ ðRP  DP  NPlPn2Þ=IP :When _zP ¼ 0; jRP jP NPlPl0,
_x3 ¼ x4;
_x4 ¼ ðRP  DP Þ=IP :When _zP ¼ 0; jRP j < NPlPl0,
x4 ¼  _wP ;
_x3 ¼ x4;
_x4 ¼ 0;
ð18bÞwheren2 ¼ 1
2p
Z 2p
0
lð_zP þ W sin hÞdh ¼ 1
2p
Z 2p
0
½l0sgnð_zP þ W sin hÞ þ l1ð_zP þ W sin hÞ þ l1ð_zP þ W sin hÞ3dh.The dither frequency must be much greater than any other involved in the operation of the system. Other-
wise, the dither signal may introduce another undesirable oscillation with the same frequency as the dither
signal. Now, set the system parameter _wD ¼ 0:3 rad=s and the frequency of the sinusoidal dither to
Fig. 14. Period-ﬁve orbit for W = 0 and _wD ¼ 1:215 rad=s: (a) phase portrait; (b) Poincare map and (c) frequency spectrum.
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amplitude from 1.2 to 1.5 V can convert the chaotic motion of the automotive wiper system to period-one
motion. Now, set the sinusoidal dither amplitude W = 1.2 V and frequency = 2000 rad/s, and add this signal
in front of the nonlinearity, Eq. (6). The result of the equivalent nonlinearity is shown in Fig. 8 (the eﬀective
Fig. 15. Controlling period-ﬁve orbit to a desired period-one orbit forW = 0.25 V and _wD ¼ 1:215 rad=s. The dither signal is injected after
4 s. (a) Phase portrait of desired period-one orbit; (b) time response of the angular deﬂection. The solid line represents the corresponding
period-one controlled system (18); the dotted line represents the period-ﬁve trajectory of the uncontrolled system (7).
Fig. 16. Experimental set-up.
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applied after 4 s. Fig. 9 plots the results. As can be seen, the system exhibits a chaotic behavior before the
dither is applied, whereas it exhibits a periodic motion thereafter. When W = 0 and _wD ¼ 0:5 rad=s, Eqs.
(18) reveal that motion is chaotic (Fig. 10). A sinusoidal dither with amplitude W = 1.0 V, fre-
quency = 2000 rad/s is injected after 4 s to convert the dynamics of system, Eq. (18), from chaotic motion
to periodic motion. Fig. 11(a) shows the phase portrait of the system after control. Fig. 11(b) plots the time
response of x1, with the dither control is added after 4 s. As can be seen, before the dither is applied, the system
exhibits a chaotic behavior, whereas afterward, it exhibits periodic behavior. When W = 0 and
_wD ¼ 1:068 rad=s, Eq. (18) display period-seven orbit (Fig. 12). A sinusoidal dither amplitude with
W = 0.5 V, frequency = 2000 rad/s is injected after 4 s to convert the motion of the system, Eq. (18), from per-
iod-seven motion to period-one motion. Fig. 13(a) shows the phase portrait of the controlled system. The time
response of x1 is shown in Fig. 13(b) where the dither control is added after 4 s. When W = 0 and
_wD ¼ 1:215 rad=s, the system exhibits period-ﬁve motion (Fig. 14). Sinusoidal dither with amplitude
W = 0.25 V and frequency = 2000 rad/s is injected after 4 s to convert the motion of the system, Eq. (18), from
period-ﬁve motion to period-one motion, I choose the sinusoidal dither amplitude W = 0.25 V, fre-
quency = 2000 rad/s and the dither signal is injected after 4 s. Fig. 15(a) shows the phase portrait of the system
after control. The time response of x1 is shown in Fig. 15(b) where the dither control is added after 4 s.
5. Conclusions
This study is concerned with the complex nonlinear behaviors and chaos control of an automotive wiper
system. The dynamic behaviors may be observed over a range of parameter values using the bifurcation
S.C. Chang, S.C. Chen / International Journal of Solids and Structures 43 (2006) 6998–7013 7013diagram. This diagram reveals that the wiper system exhibits chaotic at lower wiping speed. The Lyapunov
exponent provides the most powerful method to examine whether the system exhibits chaotic motion. The
method for estimating the largest Lyapunov exponent of a wiper system uses the properties of synchroniza-
tion. Dither signals in front of the nonlinearity of a chaotic system are applied to suppress chaotic motion
and eﬀectively improve the performance of a wiper system and prevent its chaotic motion. Finally, square-
wave and sinusoidal dither signals can eﬃciently convert the chaotic system into a periodic orbit when injected
in front of the nonlinearity of a chaotic system. The system under consideration models a real wiper system
and can be used in future work. Fig. 16 schematically depicts the instrumentation will be used in the exper-
imental study. A function generator supplied a dither signal with a frequency range of 0–10000 Hz. Waveform
analysis in time is available with the HP 3562A dynamic signal analyzer. The analog signal is ampliﬁed using a
voltage ampliﬁer and a servo ampliﬁer that drives the DC motor.Acknowledgements
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